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Abstract. We establish the exact solution of the Dirac equation for a charged particle
moving in the Coulomb field plus Aharonov-Bohm field plus Dirac monopole field by
using the equation in two-dimensional complex space. On the basis of the found solution,
the relativistic analogy of the Aharonov-Bohm effect for the system of a Diogen atom
existing in an infinite cylindrical solenoid is studied. In this case we obtain some surprising
results. One of them is that the Aharonev-Bohm effect is absent for certain states.

1. Introduction

To construct the algebraic method of solving the Dirac equation for the charged particle
moving in the Coulomb field, Komarov and Romanova (1985) established the connec-
tion between the Dirac equation and the equation for a particle having coordinates of
two-component spinors. In this paper we show that the above-mentioned equation in
two-dimensional complex space can be used to obtain the exact solution for the Dirac
equation for a charged particle moving in the Coulomb field plus Dirac monopole and
Aharonov-Bohm fields (section 2). It should be noted that the equation in two-
dimensional complex space is more convenient than the Dirac equation for the
considered system because of two reasons. First, by transforming from the usual
three-dimensional space to the two-dimensional complex space using Ks-transforma-
tion (see Barut et al 1979) the Kepler problem becomes an oscillator problem (see,
for example, Komarov and Romanova 1982, Kibler 1983). Second, the ‘extra’ variable
in the ks-transformation can be used to describe the Dirac monopole field (Iwai et al
1986). Thus, for the equation written in two-dimensional complex space, the Dirac
monopole potential can be introduced without an overt form. Second, for the above-
mentioned eguation we can use the parameters of group SU(2) (Fedorov 1979} to
make the separation of variables in the equation (section 3). In section 4 we will
establish the exact solution of the considered equation. The angular function can be
obtained simply by using the algebraic correlations between operators of parameters
of group SU(2). The radial equation of the system is standard and well known. The
Aharonov-Bohm effect is of great interest to many researchers (see, for example,
Afanasiev 1990). Considering this effect, the majority of investigators deal with the
case of scattering of an electron beam by an infinite solenoid. However, there is another
way to look at this problem. It is to study the spectrum of an atom, putting it in the
field of an infinite solenoid. Actually, it is the problem of an electron, moving in the
Coulomb field plus the Aharonov-Bohm field. In our case, to these fields we add the
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Dirac monopole field. The exact solution found will enable us to make some conclusions
about the relativistic analogy of the Aharonov-Bohm effect with the presence of the
Coulomb field and a magnetic charge. One of them is that the Aharonov-Bohm effect
is absent for certain quantum states of the particle. Second, if the magnetic flux inside
the solenoid (the source of the Aharonov-Bohm field) changes slowly (adiabatically),
then the conservation of the starting quantum state only continues until a certain
critical value of the magnetic flux. Further change in this value leads to an inevitable
sudden leap of the electron state.

2. The connection between the equations

In this section we will establish the connection between the equation in two-dimensional
complex space and the Dirac equation for the charged particle moving in the Coulomb
field plus the Dirac monopole field plus the Aharonov-Bohm field, and show the
relationship between the eigenfunctions of these equations.

Let us consider the equation (see Komarov and Romanova 1985)

H¥(£) = Ze*¥(§) (1)

= —zlhm*(n)“(&af 134 3§*) + (e, A, + mczﬁ - E)fsgt (2)

where the four-component spinor W(£) is a function of the complex coordinates £,
(s=1,2); a, (A=1,2,3) and 8 are Dirac matrices. Below in this paper we use the
usual representation

W) oo %) ()
W= ( o, = = 3
‘I’z A oy 0 B 0 -1 ( )
where ¥, and ¥, are two-component spinors, and o, (A=1, 2, 3) are Pauli matrices.
In the Hamiltonian (2) (r,)., are the matrix elements of Pauli matrices, operating in
the space of coordinates & which are regarded as spinor components; the asterisk
denotes the complex conjugate operation. We regard the function A, as being invariant
with respect to the transformation (& = arbitrary real constant):
. . a 8 d a
fs nd emgs §:k - e_mf’f e =2 =
3¢, 3, oLt gy
that follows the invariance of the Hamiltonian (2} by the above written transformation.
Hence we have

HQ-QH=0

ia

where

_ kL
Q=¢ ag* §sa§! (4)

Let us now make the substitution of variables in equation (1) using the following
correlations:

X, = EX ()b A=1,2,3

(5)
f=tan"'(Im £,/Re ) (0sf=27).
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In view of the assumed properties of &, the variables x, (A =1,2, 3) constitute the
components of three-dimensional real vector r and r=+x,x, = ££¥. In the new vari-
ables the operators Q and H take the form

]

Q=i— 6
laf' ( )
axA 2(lI +x3) ' 2(’ I-x;)

where the functions A, depend on the variables x, only. From (7} we can easily show
that the variables r and f in equation (1) are separated, and that, as follows from (6),
we write

W(r, f)=exp(2igf1p(r). (8)
Then
Qy = -2p¥ 9)

and from equation (1) we obtain the following equation:

] g 1 Ze?
{—1ﬁcaA 5;\-!— ﬁcqm (X0, — x,@;) + ea, A, (r) + mc*B - E}!,tl(r) =0. (10)
Taking into account that ¥(r, f) is a single-valued function, the quantum number g
can be expressed as

g=0,%3,+1,%3,.... (11)

In this view we see that: (i) if ¢ =0 equation (10) is the Dirac equation for a particle
with mass m and charge —e, moving in the Coulomb field Ze/r plus the field which
is represented by the potential vector A,(r); (ii} when g0 then to the mentioned
fields is added the field of the Dirac monopole, situated in the origin of the coordinates
system, with the magnetic charge

g=?q

satisfying the Dirac quantum condition (see Dirac 1979)%.

From the above, it follows that the solution of the Dirac equation for a particle
moving in our specified fields can be found by using equation (1). The wavefunctions
in the usual three-dimensional space can be obtained from the solution of equation
(1) making the substitution of variables (5) and then writing Im £, =0.

3. The separation of the variables in equation (1)

As it was shown in section 2, to get exact solutions to the Dirac equation for the
considered system, we can use equations (1) and (2) in which the potential vector A,

+ The possibility of monopole description by the use of the ‘extra’ coordinate has been used in many papers
(see for example Iwai er af 1986).
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has the following components:
__Fi(g6 - £t
S T T
_F ET 6+ £5¢
27 AEVEETE,
A;=0 (F = constant),

2 (12)

The potential vector (12) corresponds to the Aharonov-Bohm potential in the usual
coordinates r
F Xa F x;

- A, =— —1—
2m X1+ x5 27 xi+x2

A1=_ A3=0

(see Aharonov and Bohm 1959). To separate the variables in equation (1), it is more
suitable to use the new real variables r and a, (A =1, 2, 3}, which are introduced as

§,=\/7(1_iam) m EF=r n?‘(m) (13)

v1+a? Vi+a®

where a’= a,a,.; Mos (s=1,2) are components of a constant spinor, satisfying the
condition n,n¥ =1 (we will regard n, = §,,). One can see from (13) that the matrix

l_ia,\'f,\
vi+a?

is unitary and unimodular, and thereby, owing to the above-mentioned property of
coordinates £, is a representation of the group of the transformation in two-dimensional
complex space, which keeps invariant the form ££%. It means that the variables a,
(A=1,2,3) represent parameters of the group SU(2). Taking into account the local
isomorphism between the group SU(2) and the group of rotation in three-dimensional
space SO(3), the parameters a, (A =1, 2, 3} have the following physical meanings:

(i) the direction of the vector @ coincides with the direction of the rotation axis;

(ii) |a| =|tan (@/2)|, where ¢ is an angle of rotation around this axis (see Fedorov
1979),

From the definition (13) it follows that

r= ff‘fs Xy = gf(t\)srfr = rOA,u(a)”u

3 1+ia,r a 1 1+ia,7
L=y f(_u) —_ ﬂi’f(—uf) 1.(a) (14)
o&s ! Vllaz us OF ‘/; Vi+a® . us“

8 ﬁ(l—ia)l-r,\) 3 N 1 (1_ l—ia,\n) (@)
= T M T7C T u
aE¥ Vita?r/, Car i\ Vi+a? /"

where
n,= Tffrp)stn: "u",.‘ =1
1./ o ) d
L(a)=—zil—+aa.——+ &0, —
(@) 2(aa,\ 2, ™ “'aau)
2
OAp.(a) = sAp, +1_4T;_2' (a,\a#_ - ﬂza,m - E,\Muau) (15)

Oﬂu(a)opu(a) = Ou)(a)oup(a) = 81\11-
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(8,, and €,,, are Kroneker delta and Levi-Civita symbols respectively). For further
use we write the correlations of operators (15) as

[L(a), L. (@)] =ie,,.0u(a) [i(a),1.(—a}]=0
[IA(a): O.pw(a)] = is&upopu(n) ['A( ﬂ), _u.u(a)] = ie:\upoup(a)
o»\,u(a)lk(a) = _I,u(—a) Ek,uuoka(a)oy,ﬁ(a) = enﬂ‘yooy(a)

EApanA(a)Oﬁp.(a) = Eaﬂyow(a).

(16)

Considering equation {1} as a starting equation, it is evident that the scalar product
of the wavefunction in the £-space is defined as

(WI¢)=JI. d& J[dfi’J[d§£J[d£3‘I'+(§i, 1, €2, £2)P(61, &1, 2, £2) (a7

where £, =Re £ and £ =1m £,. The substitution of variables (13) leads {17) to the
formula

mdrrJ.da’ da, da,

1
(‘I’|(D)=5J' (1 +a)) Y (r, a)D(r, a). (18)

]
The operators I,(a) (A =1, 2, 3) are Hermitian with respect to scalar product (18) and
represent the infinitesimal transformation operators of group SU(2) (see Fedorov 1979).
Later on, we shall see that all calculations can be made algebraically by using formulae
{16), which certainly do not change with the other choice of parameters.

Replacing (12)-(14) in (1) and (2), using the representation {3) and taking into
account that the Aharonov-Bohm field can be excluded with the aid of the substitution
F tan™! 023(a)}‘1f1 s (19)

e
¥, ,= —i
2 exp{ : 2mhe 0,3(a)

we lead (1) and (2) to the equations

+((mc*—e)r—Ze*)¥, =0 (20)
_iﬁc{a'aoa\s(a)("a_i ) —[li(~a}+ o On(a)(1+0, pa))]}

—{((mc*+e)r+ Ze*y¥, =0.
The operator Q (see Komarov ef al 1985), by the variables r and a, acquires the form
Q=-2n,l,(~a)=-21{~a). (21)

The suitable form of equation (20} can be obtained by using the transformation (later,

A ammoidan anly tha hatin Nira ticla {8 wea will ragard o Pl
WC Wiil LU \.IC Ulll_y il UL L i, L. Wi Will 1CrdIld & "'- "l(., Ja

A
U, =Vme’+¢ (0, + ) T, =ivme’ — € 0,0,5(a)(®, - D,). (22)
Denoting
ho=vmict-¢° ¥ = 0u(@)(—a)+ o) (a)+1 (23)
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and putting (22) into (20) we obtain the following equations

Ze? Ze?
(ri+1+3r——~—5)¢1—(;2+ - mc)¢2=0
r C Cw

] #? Wl
. Zetme 8 w Ze'e (24)
—(X —W)q)l'i' (rg'r"l' 1 —: r+gzc—w)q)2 ={.
As follows from (24) the variables r and a can be separated if we write
@, 5(r, a) = F, »(r)D73(a) (25)
where the functions D‘;;‘ (a) are the eigenfunctions of the operator ¥, i.e.
XD,X(a) = xDXa). (26)

With the use of formula (16) it is easy to see that the operators Q (i.e. 1;(—a)),
J, =1,(a)+io, commute with the operator ¥, moreover [Q, J,]=0. Therefore, we will
define the functions D‘;;‘(a) by equation (26) and by the following equations

Jr(2)J,(a)DXa) = J(J+1)DY(a)
Jy(a)Di(a) =(p+3)D, (a) (27)

p

Ii(-a)DyX(a) = gD X(a)

q
that stipulate the choice of the designation for functions D;,': (a).
We can make another remark about equation (24). Excluding one of the functions
{®, and ®,) from (24) we obtain the equations

3 w Ze'e\[ @ w Zeze) ( 2 Zze"m2c2)}
T+ r- “4+1-Zr+ - l®,=
{(rar 1 ¢ ﬁzcm)(rar 1 PRAEI X A’ ®,=0 (28a)
] w Ze's ] w Zezs) ( Z2e4m202)}
—t+l-——r+—— )| r=+1+—r— =) 1P, =0 285
{(rar e’ ﬁzcw)(rar ¢ #lew X htw? ' (285)

from which follows the existence of supersymmetry in the considered problem. Indeed,
the operator ¢,0,(a), anti-commuting with the operator ¢, commutes with all of the
operators included in (28a), (28b) and (27). Consequently, this circumstance leads to
the typical, for super-symmetrical Hamiltonian, doubling of quantum states with the
same values of energy and the quantum numbers J, p, q.

4. Exact solution to equation (1)

For the determination of the angular dependence of the wavefunction we start by

solving the equations for the generalized spherical functions E},{(a):
I(a)ly(@)E,(a) = L(L+1)Ep(a)
() E (@) = pE;,(a) (29)
lo(~2)EL (e) = gEL,(a).

With the use of correlations (16) it is easy to make sure that the solutions of equations
{29) can be written in the form

L . . —1 Oxnla) . -1 032(")} ‘z, 30
E,,q(a)—exp{tptan O.;(a)+lqtan ———-031(“) G, (Oxn(a)). (30)
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The allowed values of g are found from the single-valued condition of the wavefunction.
The determination in two-dimensional complex space

=7 e 005_26" §2=\/;'ei(f+¢) sing 31)

corresponds to the spherical coordinates r, 3, ¢ in the usual three-dimensional space.
With the use of (13) we find that in these coordinates

Ere( B, 0, ) = Proetaiaf GL (co5 §), (32)

If the previous substitution (19) is taken into account, then from (32) it follows that
F
q————c=M M=0,+1,£2, £3, ... (33)

and for the value ¢ we have the former result (11).

The functions GJ,(x) (x = Os5(a)) are defined by the first of equations (29) with
the boundary condltlons deriving from the assumption that the source of the Aharonov-
Bohm field (12} is an infinitely long cylindrical solenoid (inaccessible for an electron),
whose axis is along x., and radius R - 0. It means that the function G ;‘q(x) must vanish
if x = £1. Putting (30} into the first of equations (29), we find that this equation becomes
the weli-studied equation for the hypergeometric functions and its solutions can be
represented in the form

PG (x for p+g>0
GL () ={ o() pta (34)
G, (x) forp+g=<0
where
L ()= (,%’!(2.2’+2s+2:+ DI{(E+2s+2¢+1)

2B E+ 25+ DL +21+1)
s=3lp+q] =1p—gq| L=%+s+1 ¥=0,1,2,....
Then we have

1/2
)(1—x)’(1+x)‘P‘,3=-"’(x) (35)

=i{p+q)>0 =Hp—q)>0 L=%+p (36a)
=ip+q)>0 =Hg-p)>0 L=%+gq (36b)
s=-i(p+q)>0 =3p—q)>0 L=%-¢q (36¢)
s=~H{p+q)>0 =Hq-p)>0 L=%-p. (36d)

Inthe formula (35) T'{Z) is the Euler y-function and P$&*(x) are the Jacobi polynomials
(see, for example, Korn et al (1989)
With the use of the function E,(a) we can, in a simple way, build solutions of

equations (26) and (27):
J+I+p\P
| X 2 ( 2} p) E;q l/Z(a)
D+(a)= ( +_L) 1 1/2
2 2r+1 a J—3-p BTV 2(a)
2J Ep+ig

J‘+%—p lleJ+l,n‘2( )
\2g+2) =

1 x 1/2
:l:(- = ) N
2 2J+1 J+E+P E’¥1/2
2J.+2 p+lq( )

(37)
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where
Xa= V(I +) =4 (38)

Putting (25) into equations (24), we obtain the equations for the radial function,
which really coincide with the equations for the radial function of the Dirac particle
moving in the Coulomb field, the only difference being the set of eigenvalues of the
operator ¥. Therefore, their solution, which belongs to the eigenvalue of the energy

22e4 -1/2
= 2 _
£=mC (1 + ﬁzcz[N+(xz—Zze“/ﬁzcz)‘/z]Z) N=0,1,2,.., (39)

can be found in any book on relativistic quantum mechanics.

5. Discussion of the found solution

The energy spectrum (39) and functions (37) should now be analysed. From (33)-(39)
one can see that the quantum states of the considered system are set by numbers N,
Y, M; moreover

N=0,1,2,... £=0,1,2,... M=0,x1,£2,....

Putting into (36), concrete values for the quantum numbers corresponding to the
wavefunctions EZ,(x) in (37), we find

J+i=%+p for |g|<psJ-3 (40a)
J+i=2+|g|+1 for —|gl<p=|g]—1 (40b)
J+i=%-p+1 for —J+isp=—|q|—1 (40¢)

where p=M+eF/2ahc—q.
In the value range of the quantum number p in {40), the values satisfying

lgi—1<p<iq| and —igi-1<p<~iq| (41)

are absent. This means that values do not satisfy the condition (36) that one of the
functions E,’;q(x) in (37) does not vanish when x = +1. Thus by fixing the value of the
magnetic flux (F/2) in the solenoid, there are some quantum states in which a particle
cannot exist. Namely, the states, given by the value M, in the following value ranges:

eF eF
+)gl-1-——<M<g+|gl-
g+lgl-1 2ahe M<g+lql 2mhic
(42)
" eF eF
q-lql-1 rmhe M <4 |ql Tnhe

are forbidden for the particle moving in the Coulomb field plus Aharonov-Bohm Dirac
monopole fields. Specifically, for the states (¥ =0) the restriction of the number M is
given from (42) and from the ‘non fall to the centre’ condition

, Ze*

__ﬁ202> 0. (43)

X
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From correlations (40) another interesting result follows. This is the energy spectrum
dependence, of the considered system, on the magnetic flux {(F/27) in the solenocid
(39), i.e. how the Aharonov-Bohm goes on this case. From (40) and (33) we have

eF eF

Fi=P+M-qg+ f M=
Tri=% ¥ yrhe or g+lql-M="0 (44a)
J+i=P+|gl+1 for q—lg|- M=—t < gtlgl- M—1  (44b)
2mhe
eF eF
J+i=P+1-M+g-———ro <g—|g-M-
3=¥+1 y—y for 21rﬁc<q |g|— M —1. (44¢)

Putting (44) into (38) and (39) one can see that the energy £ of the particle, existing
in the defined quantum state, is independent of the magnetic flux when the magnetic
flux has a value in the range (44b), i.e. in this case the Aharonov-Bohm effect is absent.

Moreover, from equations (44) it follows that the considered system has no quantum
state ( N, &, M} for the values of the magnetic flux in the ranges

eF
+lg-M-1<——<g+|qg|-M
q+|ql rwhe 4 Iq|

and
eF
~lgl-M-1<——<g—|g|-M
q-ql 5rhe 4 |g]

This means that if the magnetic flux changes slowly {adiabatically), the conservation
of the starting quantum state (N, £, M) only continues until a certain critical value
of the magnetic flux. A further change in the value F/2# leads to an inevitable sudden
leap of the state of the system, i.e. to a breach of the adiabatical principle.
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